Nuclear matter at finite temperature and barion density exhibits several phase transitions that could happen at the early stages of the Universe evolution and could be realized in heavy-ion or hadron-hadron collisions. Microscopic description of phase transitions is notoriously difficult because of the absence of small parameters. Here we present a general approach allowing to treat situations, when there are no small parameters. The approach is based on optimized perturbation theory and self-similar approximation theory. It allows, starting with divergent perturbation series in powers of an asymptotically small parameter, to construct expressions extrapolating asymptotic series to arbitrary values of the parameter, including its infinite limit. Examples of such approximants are: right root approximants, left root approximants, continued root approximants, exponential approximants, and factor approximants. The approach is illustrated by the phase transition of gauge symmetry breaking in a multicomponent field theory. The found critical indices are in very good agreement with Monte Carlo simulations as well as with complicated methods of Padé-Borel summation, while our approach is much simpler. The nice feature of the approach is that it gives exact values for the cases where exact solutions are known.
Introduction
Varying temperature and baryon density, it is possible to realize several different phases of nuclear matter. A qualitative phase portrait of admissible phases, on temperature-baryon density plane, is shown in Fig. 1 , where ρ 0 = 0.167 fm −3 is the normal baryon density (e.g., [1] ). The variation of temperature and baryon density can be achieved in hadron-hadron and heavy-ion collisions. The corresponding values of these thermodynamic variables could also exist at the early stages of the Universe evolution or in the cores of neutron stars. There can occur phase transitions of first order, second order, as well as crossovers [2] [3] [4] . Phase transitions are known to be difficult for description because of the absence of small parameters in the transition region. This especially concerns the description of phase transitions in microscopic theory, where calculations are possible only by resorting to a kind of perturbation theory. However, perturbation theory usually results in divergent series that, in the best case, have meaning in the limit of asymptotically small parameters, while the physical parameters could be rather large, or even infinite. The notorious question is: How it would be possible to extract information from perturbative series, derived for asymptotically small parameters, for the values of finite and large parameters?
There exist methods for effective summation of divergent series, such as Padé summation [5] and Borel summation [6] . However, the former exhibits a number of deficiencies, including the appearance of spurious poles, while the second is quite complicated and requiring the knowledge of large-order terms in power law expansions. Both these methods not always are applicable, as is discussed in [7] .
In the present report, we describe an original approach to treating divergent perturbative series, extracting from them meaningful answers, providing good accuracy, with being much simpler and more general than Padé-Borel summation. We illustrate the approach by the example of a phase transition in multicomponent field theory at finite temperature.
Optimized perturbation theory
The first step of the approach is optimized perturbation theory, based on the definition of control functions reorganizing divergent series to convergent ones. The optimized perturbation theory was advanced in 1973, in Thesis [8] , submitted for publication in 1974, and published [9, 10] in 1976. The power of this method was illustrated by treating some anharmonic models and strongly anharmonic quantum crystals [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] . Later this theory has been applied to numerous models, under different guises and under different names, such as modified perturbation theory, variational perturbation theory, renormalized perturbation theory, oscillator representation, delta expansion, optimized expansion, nonperturbative expansion, and so on (e.g., [19] [20] [21] [22] [23] [24] ). All these works have used the variants of the same idea [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] of introducing control functions renormalizing divergent perturbative series into convergent series. In this section, we briefly delineate the idea of optimized perturbation theory, as advanced in [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] and reviewed in [25, 26] .
Suppose we are interested in finding a function f (x) satisfying a complicated equation that cannot be solved exactly, but can be treated only by a kind of perturbation theory. To explain the main idea, we consider here, for simplicity, a real function of a real variable. A generalization to complex functions and variables is straightforward.
Let perturbation theory give a divergent perturbative sequence { f k (x)}, with k = 0, 1, 2, . . . being an approximation-order index. The basic idea of optimized perturbation theory is to introduce a set {u k (x)} of control functions that would allow us to reorganize the divergent perturbative sequence { f k (x)} into a convergent sequence {F k (x, u k )}, where u k = u k (x). A sequence is convergent if and only if it satisfies the Cauchy criterion: For each positive ε, there exists an order k ε , such that
for k > k ε and any positive p = 0, 1, 2, . . .. Control functions can be introduced in several ways, three of which are the most common: (i) through initial conditions, (ii) through variable changes, and (iii) through functional transformations.
Introduction of control functions through initial conditions
The simplest illustration of this way is when the sought function f (x) is a solution of a functional equation
Then, starting with an initial approximation F 0 (x, u), including a control function u, it is admissible to represent the functional equation (2.2) as an iterative procedure
As a rule, physical systems are characterized by their Hamiltonians, or Lagrangians. Say, H is a Hamiltonian of a complicated system that can be treated only by means of perturbation theory. Taking for the zero approximation a simple Hamiltonian H 0 (u), containing control functions, one can rewrite the system Hamiltonian as
Then, by perturbation theory with respect to the difference (H − H 0 ), one obtains higher approximations, depending on the considered problem, either for wave functions or for Green functions. Knowing the latter, one can calculate the corresponding approximations for observablesÂ(x) as the averages 5) defined for the related k-order approximate wave, or Green, functions.
Introduction of control functions through variable changes
It is possible to change the variable x through the relations 6) involving control functions, thus, getting
The latter expression can be expanded in powers of the new variable z, so that
With the inverse variable change (2.6), one has
This allows us to define
Introduction of control functions through functional transformations
The sought function can be subject to a transformation containing control functions, 11) with the inverse transformation
Then we define
Formulation of equations for optimal control functions
After control functions are incorporated into F k (x, u k ), it is necessary to formulate explicit equations for their calculations. By their meaning, the control functions are to be defined in such a way that to induce convergence for the sequence {F k (x, u k )}. Since convergence is characterized by the Cauchy criterion (2.1), the optimal control functions, in the spirit of optimal control theory, can be defined as the minimizers of the Cauchy cost functional 14) whose minimization provides the fastest convergence of the sequence {F k (x, u k )}. That is, we need to look for the minimal value
of the difference F k+p − F k for any given p. The minimization condition (2.15) involves two control functions u k+p and u k , which makes it impossible to define both of them simultaneously. Hence, we cannot find the exact absolute minimum of the Cauchy cost functional (2.14), but we can try to find its approximate minimum. Assuming that the control functions u k+p and u k , and the related terms F k+p and F k are close to each other, we can express F k+p as
Depending on the relation between the difference F k+p − F k and the term containing the derivative, there can be two cases. When the derivative term is smaller than the difference term, then minimization (2.17) is approximately satisfied under the minimal difference condition
But when the difference term is smaller than the derivative term, then minimization (2.17) is approximately valid under the condition
This has to be understood as the minimal derivative condition 20) provided the latter possesses a solution. In case there are no solutions, one has to set u k+p = u k . As is evident, the minimal difference and minimal derivative conditions are absolutely equivalent. Of course, in particular cases, one of them can yield a better accuracy than the other. However, in general, it is impossible to conclude that one is preferable to the other.
In this way, the optimized perturbation theory [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] consists of the following steps. The divergent perturbative sequence { f k (x)} is reorganized into the sequence {F k (x, u k )} incorporating control functions u k = u k (x) making the latter sequence convergent. Control functions can be introduced in three ways, through initial conditions, through variable changes, or through functional transformations. Explicit equations for the control functions are derived from the minimization of the Cauchy cost functional. Approximate minimization can be done by means of either minimal difference or minimal derivative conditions.
Self-similar approximation theory
Optimized perturbation theory has been used for various physical systems. It is not our aim here to give a review if these numerous applications. Just let us mention a couple of review-type articles [25, 26] , where further citations can be found. Despite a variety of very successful and wide applications of optimized perturbation theory, several questions remained unanswered:
(i) How it would be possible to improve accuracy within the given number of perturbative terms?
(ii) What is a necessary condition that the Cauchy cost functional could reach its absolute minimum, that is zero?
(iii) How to decide which of the ways of introducing control functions would be the best one, when there are several such ways, say, by choosing different initial approximations?
(iv) Could it be feasible to check the stability of the calculational procedure, when no exact solutions are available, that would allow for the explicit comparison of these exact solutions with the obtained approximations? (v) Is it possible to define general approximants, enjoying a fixed prescribed structure, extrapolating the series, derived for an asymptotically small variable x → 0, to the arbitrary values of this variable from the whole interval [0, ∞)?
All these questions have been answered in self-similar approximation theory advanced in [27] [28] [29] [30] [31] [32] [33] . The main idea of this approach is to reformulate perturbation theory to the language of dynamical theory, considering the approximation order k as discrete time, so that the approximation sequence {F k (x, u k )} be isomorphic to the trajectory of a cascade. Then the effective sequence limit will correspond to the cascade fixed point. And the control of the calculational procedure stability will be equivalent to the analysis of the dynamical system stability.
Let us define the expansion function x = x k (ϕ) by the reonomic constraint
Introduce the endomorphism
that, owing to constraint (3.1), enjoys the initial condition
3)
The inverse to this endomorphism is
In terms of this endomorphism, the Cauchy cost functional (2.14) takes the form
This functional is exactly zero, provided that
for all k ≥ 0. In particular, for k = 0, we have
Combining (3.6) and (3.7) yields the functional self-similarity relation
Since transformation (3.8) possesses the semi-group property y k • y p = y k+p , it can also be called group self-similarity. Thus, the self-similarity relation (3.8) is a necessary condition for the Cauchy cost functional to be zero. Although it is not a sufficient condition. The family of the endomorphisms {y k }, with the group relation (3.8), forms a dynamical system in discrete time, termed cascade. By construction, the cascade trajectory {y k (ϕ) : k = 0, 1, 2, . . .} is bijective to the approximation sequence
The bijectivity of the cascade trajectory and approximation sequence means the following. If there exists the limit y
where 10) then there also exists the limit
Note that the existence of a trajectory limiting point y * guarantees the existence of a sequence limit F * , however this does not guarantee that F * necessarily corresponds to the sought function f (x). Such a correspondence is an assumption typical of calculational procedures dealing with nonlinear problems [34, 35] , for which the accuracy of approximations at each step cannot be explicitly established.
For a dynamical system, the existence of a limiting trajectory point is equivalent to the existence of a stable fixed point. Therefore, if the cascade trajectory {y k }, with increasing k, tends to a limiting point y * , the latter is a fixed point, such that
It is more convenient to deal with a dynamical system in continuous time, instead of a system in discrete time. This can be realized by embedding the approximation cascade into an approximation flow,
with the flow trajectory passing through all points of the cascade trajectory:
For the dynamical system in continuous time, it is straightforward to write down the flow evolution equation that is the Lie equation 16) where the right-hand side is the flow velocity
Integrating (3.16) between a given point of the cascade trajectory y k = y k (ϕ) and a point y * k = y * k (ϕ), we get the evolution integral 17) in which t k is the time of motion from y k to y * k , while v k is the flow velocity on this time interval. Remembering that the cascade is embedded into the flow, the flow velocity, near the time t = k, employing the Euler discretization, can be expressed through the cascade velocity
where
Invoking the bijective relation between y k and F k , the evolution integral can be represented as
The motion time t k can be treated as an additional control function. In the simplest cases, it can be set to one or 1/k or defined through additional conditions [25, 26] . If v k were zero, then y * k would be an exact fixed point of the cascade. Unfortunately, it is difficult to set v k zero, since it contains two, yet unknown, control functions. But we can require the minimal possible velocity, in that way defining the control functions u k = u k (x) by the condition
This minimization is equivalent to minimization (2.17), with p = 1. Analogously to the previous consideration, an approximate minimization can be done by one of the conditions (2.18) or (2.19). Condition (2.19) seems to be more convenient, which results in the velocity
Employing this in the evolution integral (3.19) yields the renormalized approximant F * k . Defining the control functions from the minimization of the cascade velocity implies that y * k (ϕ) is an approximate fixed point, or quasi-fixed point. Respectively, F * k (x, u k ) corresponds to an effective limit f * k (x) that is named the self-similar approximation of f (x). In this way, we have the correspondence
The improvement of the accuracy of the self-similar approximation f * k (x), as compared to the optimized approximation F k (x, u k (x)), is due to the following reason. The minimization of the Cauchy cost functional is equivalent to the minimization of the cascade velocity, which gives the optimized approximant F k (x, u k (x)). However, the cascade velocity is not exactly zero. The Lie equation (3.16) describes the motion from the given optimized approximant F k (x, u k (x)) to the quasi-fixed point F * k (x, u k ) that improves the accuracy of the former approximant. As is mentioned above, to represent the effective limit of the approximation sequence, the fixed point has to be stable. The stability of the procedure here coincides with the stability of motion of the dynamical system, which is characterized by the map multiplier
The motion at the point y k (ϕ) is locally stable, provided that
The multiplier at the quasi-fixed point is
The quasi-fixed point is stable, when
where relation (3.21) is used. Because in the treated case, the fixed point is a function of x, it is possible to consider the maximal multiplier µ *
Then we say that a quasi-fixed point is uniformly stable, when
The analysis of the procedure stability makes it possible to answer the question on which of the procedures is preferable, when there are several admissible procedures differing by the way of introducing control functions. For example, it is possible to introduce control functions by different initial approximations, as has been analyzed for anharmonic models [25] . For strongly anharmonic quantum crystals, it is possible to choose different initial approximations, say, Hartree or HartreeFock [17, 36, 37] . Or one can introduce control functions by different changes of variables [6] .
The answer is: That procedure is preferable that is more stable, since a more stable procedure is assumed to be faster convergent [25, 26] .
Finally, we give the answer to the problem whether it is feasible to construct general expressions extrapolating the series in powers of an asymptotically small variable x → 0 to its arbitrary values in the whole range x ∈ [0, ∞).
Suppose, the sought function can be found only for an asymptotically small variable,
where it is given by the asymptotic expansion
Such series are usually divergent for any finite x. It is convenient to consider the normalized function defined by the ratio
that, by construction, satisfies the limit
Control functions can be introduced by applying to series (3.30) the method of fractal transforms [26, [38] [39] [40] [41] [42] [43] [44] [45] defined as
Then, following the self-similar approximation theory by accomplishing several times the renormalization procedure, we come, depending on the available boundary conditions, to one of the following approximants.
Right root approximants
that can be used, when a number of terms in the large-variable expansion x → ∞ are known. All parameters A i and n i are uniquely defined through this expansion [26, 41, 43, 44] . 32) in which the sole power n k is defined from the large-variable behavior x → ∞, while all parameters A i are found from the accuracy-through-order procedure after re-expanding (3.32) in powers of x → 0 and comparing this with the initial expansion (3.29). We may note that (3.32) is a particular case of (3.31), with
which involves all A i in the definition of the large-variable amplitude [7, 46] . 33) in which the power s is prescribed by the large-variable behavior, while all parameters A i are given by the accuracy-through-order procedure at x → 0. In the particular case of s = −1, approximants (3.33) are reduced to continued fractions and, hence, to Padé approximants [47] .
Continued root approximants
Exponential approximants 34) where the control functions b i are defined by additional conditions [26, [40] [41] [42] , like the minimal difference condition (2.18). More elaborated variants of defining these control functions are also possible [26] , e.g.,
where a n are the parameters of expansion (3.29).
Factor approximants 35) in which
and all parameters A i and n i are defined from the re-expansion procedure at x → 0, equating the like-order terms [48] [49] [50] [51] [52] .
Multicomponent field theory
Let us illustrate the application of self-similar approximation theory to describing a phase transition in N-component ϕ 4 field theory in d-dimensional space. The Hamiltonian of this field theory is
where the standard notations are employed:
Hamiltonian (4.1) is invariant under the reflection
. This means that the statistical average of the field is zero: ϕ = 0. The thermodynamic potential
where T is temperature and β ≡ 1/T , is also invariant under reflection (4.2). It turns out that there exists a critical temperature T c , such that above this temperature, the order parameter ϕ is zero, while below T c it is nonzero: 4) which implies that 5) for T < T c . The zero ϕ means that all ϕ n are zero. And nonzero ϕ assumes that at least some of ϕ n are nonzero. This phase transition is accompanied by the inversion symmetry breaking. The properties of thermodynamic quantities in the critical region, where the relative temperature
is small, are characterized by the critical indices describing the behavior of the specific heat,
order parameter ϕ ∝ τ β , and isothermic compressibility κ T ∝ τ −γ .
The dependence of an external field on the order parameter, at the critical temperature, is of the type
The pair correlation function, at large distance r ≡ |r|, behaves as
with the correlation length ξ ∝ τ −ν .
And the vertex at T c exhibits the behavior
Not all seven critical indices, α, β , γ, δ , η, ν, ω, are independent. There are the so called scaling relations [53] , due to Griffith,
and Widom, 8) from which the Rushbrook relation α + 2β + γ = 2 (4.9)
follows. Also, the hyperscaling relations are known:
Thus, only three critical indices, say η, ν, ω, can be treated as independent, and all others can be expressed through them.
The critical indices η, ν, ω can be represented [53] as expansions in powers of the variable ε ≡ 4 − d, formally valid for asymptotically small ε → 0. We extrapolate such ε-expansions by means of the factor approximants (3.35) and set ε = 1 corresponding to d = 3-dimensional space. The results for all critical indices and different N are presented in the Table. The found values are in perfect agreement with experimental results, when these are available, and with numerical Monte Carlo calculations, as well as with complicated Padé-Borel summations, as discussed in [54] . It is interesting that for the limits N = −2 and N → ∞ our method provides exact known results. 
Discussion
We have considered the challenge of defining effective limits of divergent series by means of renormalization techniques. The necessity of this renormalization is dictated by the frequent occurrence of such divergent series in complicated physical problems, e.g., arising when investigating phase transitions. The main ideas of optimized perturbation theory and self-similar approximation theory are presented.
The name self-similarity comes from the self-similar relation (3.8) that is a necessary condition for the absolute minimum of the Cauchy cost functional (3.5). The property of group self-similarity is equivalent to renormalization group in field theory [55] . To show this, let us introduce the variable
Instead of (3.2), we can define This group property is typical of the renormalization group equations in field theory [56] . Instead of the Lie equation (3.16), we get ∂ y(τ, ϕ) ∂ ln τ = β (y(τ, ϕ)) , (5.6) where the right-hand side
is analogous to the Gell-Mann-Low function [57] . As a simple example of the application of self-similar approximation theory, let us briefly mention the calculation of the ground-state energy level for the one-dimensional anharmonic oscillator [58, 59] with the HamiltonianĤ = − 1 2
where g ∈ [0, ∞) is the anharmonicity, or coupling parameter. The introduction of a control function can be done through initial conditions, by starting perturbation theory with the Hamiltonian
The control function u k (g) is defined by the quasi-fixed point condition (2.20) . To first order of optimized perturbation theory, we have the energy E 1 = E 1 (g). Using in the evolution integral (3.19) , the cascade velocity v 1 and τ 1 = 1, we find for the self-similar approximation of the groundstate energy E * = E * (g) the equation
4(E * ) 2 − 1 4E 2 1 − 1
10)
The comparison of E * (g) with numerical calculations from the direct solution of the Schrödinger equation [60] shows that the found self-similar approximation E * (g) is applicable for all values of g ∈ [0, ∞), yielding quite accurate results, whose maximal error does not exceed 0.1%. In Sec. 4, we have illustrated the approach by calculating the critical indices for the inversion symmetry-breaking phase transition in an N-component ϕ 4 -field theory. The results are in prefect agreement with experimental measurements as well as with complicated numerical techniques, such as Monte Carlo simulations or Padé-Borel summation. The advantage of our theory, as compared with other numerical methods, is the combination of much greater simplicity and very good accuracy.
